Introduction
Throughout this paper, k is a eld of characteristic zero, and k is its algebraic closure. We rst recall the de nition of prehomogeneous vector spaces.
De nition (0.1) Let G be a connected reductive group, V a representation of G, and a non-trivial character of G, all de ned k. Then (2) There exists a polynomial (x) 2 k V ] such that (gx) = (g) a (x) for a certain positive integer a.
Such is called a relative invariant polynomial. We de ne V ss = fx 2 V j (x) 6 = 0g and call it the set of semi-stable points. If (G; V; ) is an irreducible representation, the choice of is essentially unique and we may write (G; V ) as well. For x 2 V ss k , let G x be the stabilizer and G 0 x its connected component of 1.
The orbit space G k nV ss k for prehomogeneous vector spaces usually parametrizes interesting arithmetic objects and has been considered by many people. For example Gauss 1] considered the space of binary quadratic forms to investigate ideal classes of quadratic elds. Igusa 3] investigated spinors of dimension up to twelve, and these cases turned out to be special cases of prehomogeneous vector spaces. Later Igusa 4] formulated the problem in terms of Galois cohomology, and this formulation was used to parametrize eld extensions of degree up to ve in 11].
Let W = k 7 be the standard representation of GL(7) (i.e., the space of seven dimensional column vectors), and e 1 ; ; e 7 the standard coordinate vectors. We use the notation e ijk = e i^ej^ek , etc. We consider the natural representation of GL(7) on^3W. Let w = e 234 + e 567 + e 1^( e 25 + e 36 + e 47 ) 2^3W:
We de ne G 1 to be the set of g 2 GL(7) such that gw = c(g)w for some c(g) 2 GL(1). Then G 1 becomes a closed subgroup of GL (7), and c : G 1 ! GL(1) is a character of G both de ned over k.
In this paper, we consider the following two prehomogeneous vector spaces 1 The author is partially supported by NSF grant DMS-9401391
Typeset by A M S-T E X (1) G = G 1 ; V = W, (2) De nition (0.2) Ex i is the set of isomorphism classes of Galois extensions of k which are splitting elds of degree i equations.
In x1, we recall the relation between the orbit space G k n V ss k and Galois cohomology. In xx2,3, we construct a natural map V : G k n V ss k ! Ex 2 for cases (1), (2) and prove that V is surjective. For case (2) , let e T = Ker(G ! GL(V )). In x4 (Theorems (4.4), (4.13)), we determine the ber structure of V and prove the following theorem. For the de nition of SU (2; 1), see De nition (2.13). Note that if two nondegenerate Hermitian matrices are scalar multiples of each other, the corresponding unitary groups are the same. Therefore, we can conclude that case (2) parametrizes all the two dimensional unitary groups over all the quadratic extensions of the ground eld.
There may be two kinds of applications of results in this paper in the future. One is of course the zeta function theory of prehomogeneous vector spaces. The above theorem says that the zeta function for these cases is the counting function for quadratic elds weighted with the Tamagawa number (without the normalization) of the group SU (2; 1) for case (1) and the Tamagawa number of two dimensional unitary groups. The other is an analogue of the Oppenheim conjecture for prehomogeneous vector spaces. For the zeta function theory, the reader should see 13] . For an analogue of the Oppenheim conjecture, the reader should see 12].
x1 Rational orbits and the Galois cohomology
In this section we recall the relation between Galois cohomology and the set of rational orbits in prehomogeneous vector spaces.
We rst recall the de nition of Galois cohomology. Let G be an algebraic group over k, and k 0 =k a nite Galois extension. A 1{cocycle is a function h = fh g from Gal(k 0 =k) to G k 0 (h is the value of h at 2 Gal(k 0 =k)) satisfying the cocycle condition h 1 Let G 1 ; W; c, etc., be as in the introduction. In this section, we consider the prehomogeneous vector space G = G 1 ; V = W. We prove that V for this case is a map to Ex 2 and construct a subset of G k n V ss k which maps bijectively to Ex 2 .
Also for each point x in this set, we determine the stabilizer G x . Let x = t (x 1 ; ; x 7 ) be the coordinate of x 2 V with respect to fe 1 ; ; e 7 g. It is known (see 8, p. 135]) that (G; V ) is a prehomogeneous vector space and Proposition (2.6) The subgroup G w is generated by G 0 w = SL (3) and .
Proof. We may assume that k is algebraically closed by Lemma 2 6, p. 8] again. Let R be any k-algebra. We de ne R( ) = R k( ). The non-trivial element 2 Gal(k( )=k) acts on R( ) by (r x) = r (x ). For A 2 SL(3) R( ) , we de ne A ; A = t A entry-wise. Let x3 The orbit space G k n V ss k (2) In this section, we consider case (2) in the introduction. Let G 1 ; W; c, etc. be as in the introduction, and as in x2. We de ne the prehomogeneous vector space We de ne an action of g = (g 1 ; g 2 ) 2 G on x = M(v) by gx = g 1 M(vg 2 ). This de nes a representation of G on V . Let fe 1 ; ; e 7 g be the standard basis of W. Considering V = v 1 W v 2 W, let e i;j = v i e j for i = 1; 2; j = 1; ; 7. Then fe i;j j i = 1; 2; j = 1; ; 7g is a basis of V . Let x = (x i;j ) be the coordinate of x 2 V with respect to this basis. We may also use the notation x = (x 1 ; x 2 ) where x i = t ( x i;1 x i;7 ) for i = 1; 2. Note that we are using di erent de nitions for d(A); ; in this section ( 1 is in x2.) Proposition (3.5) The subgroup G w is generated by G 0 w = GL(2) e T and . Proof. As in x2, we may assume that k is algebraically closed. Suppose U is an irreducible representation of GL (2) . Then there exist two integers k; l such that the highest weight of elements of the form t 0 0 t ?1 is t k and t 2 I 2 acts by t l 2 . Note that k 0. Since U is determined by k; l, we say U is of type (k; l). ? , and g = (g ;1 ; g ;2 ) 2 G k( ) . De nition (3.8) w = g w. Let 2 Gal(k( )=k) the non-trivial element as before. Since g satis es the condition g = g , we get the following proposition. Proposition (3.9) The map Ex 2 ! H 1 (k; G) is trivial, w 2 V ss k , and w corresponds to the eld k( ).
Let e T = Ker(G ! GL(V ). Then
Since the roots of the polynomial F w (v) are , we get the following corollary.
Corollary (3.10) The eld k( ) is generated by roots of the polynomial F w (v). For A 2 GL(2) k( ) , we de ne A as in x2. De nition (3.11) U (1; 1) = fA 2 GL (2) Let k( )=k be a quadratic extension such that 2 2 k and 2 Gal(k( )=k) is the non-trivial element throughout this section. We proved in xx2,3 that V is surjective and chose a point w = g w which corresponds to the eld k( ) in both cases. To determine the ber over k( )=k, we consider the map H Let F 1 = SU (2; 1) and F 2 be the restriction of SL(3) from k( ) to k. For g 2 SL(3) k( ) , we denote the entry-wise action of by g . We de ne g = t g . For g 2 F ik( ) (i = 1; 2), let F i ( )(g) be the action of induced from the k{structure of F i .
We use the notation i k ; i k( ) for the natural imbeddings F 1k ! F 2k ; F 1k( ) ! F 2k( ) . We denote the natural inclusion map F ik ! F ik( ) by j ik( ) for i = 1; 2.
Obviously, the following diagram is commutative. (3) For i = 1; 2, we can consider g ! g as a k{automorphism of the k{group F i and denote it by F i ( ). Note that F 2 ( )(g 1 ; g 2 ) = (g 2 ; g 1 ) for (g 1 ; g 2 ) 2 F 2k( ) .
Let U be the k{vector space of 3 3 Hermitian matrices (with respect to the extension k( )=k). Then F 2 acts on U by H ! gH t F 2 ( )(g). We can identify U k( ) = M(3; 3) k( ) and the action of (g 1 ; g 2 ) 2 F 2k( ) is H ! g 1 H t g 2 . The determinant det H is a function on U de ned over k. We de ne X = fH 2 U j det H = ?1g. Theorem (4.4) (1) De nition (4.14) U (H(s)) = fA 2 GL(2) k( ) j AH(s) A = g. 
